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Abstract

A majordifficulty in evaluatingincompletelocalsearchstyle
algorithmsfor constraintsatisfaction problemsis the need
for a sourceof hard probleminstancesthat are guaranteed
to besatisfiable.A standardapproachto evaluateincomplete
searchmethodshasbeento usea generalproblemgenera-
tor anda completesearchmethodto filter out the unsatisfi-
ableinstances.Unfortunately, this approachcannotbe used
to createprobleminstancesthatarebeyondthereachof com-
pletesearchmethods.Sofar, it hasprovento besurprisingly
difficult to developadirectgeneratorfor satisfiableinstances
only. In this paper, we proposea generatorthat only out-
putssatisfiableprobleminstances.Wealsoshow how onecan
finely control thehardnessof thesatisfiableinstancesby es-
tablishingaconnectionbetweenproblemhardnessandanew
kind of phasetransitionphenomenonin the spaceof prob-
lem instances.Finally, we useour problemdistribution to
show theeasy-hard-easypatternin searchcomplexity for lo-
cal search procedures,analogousto the previously reported
patternfor completesearchmethods.

Intr oduction
In recentyears,we haveseentherapiddevelopmentof both
completeandincompletesearchmethodsfor constraintsat-
isfaction(CSP)andBooleansatisfiability(SAT) problems.
Thesemethodsarenow appliedsuccessfullyin a rangeof
applicationswithin artificial intelligenceandcomputersci-
encein general.An importantfactorin thedevelopmentof
new searchmethodsis theavailability of goodsetsof bench-
mark problemsto evaluateand fine-tune the algorithms.
Thereare two main sourcesof benchmarkproblems. One
classof benchmarksis basedonreal-world applicationsand
the other is from randominstancegenerators.Real-world
instancesarearguablythebestsource,but unfortunatelyare
often in short supply. Moreover, thereis a risk that algo-
rithmsarebeingtunedtowardsspecificapplicationdomains
for which good benchmarksare available. Randomprob-
lem generatorsthereforeprovide a goodadditionalsource
of probleminstances.Thesegeneratorsalso have the ad-
vantageof amoredirectcontrolover theproblemcharacter-
istics,suchassizeandexpectedhardness.Hardrandomin-
stanceshaveledto thedevelopmentof new stochasticsearch
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methodssuchasWalksat(Selmanetal. 1996)andthebreak-
outprocedure(Morris 1993),andhavebeenusedin detailed
comparisonsof localsearchmethodsfor graphcoloringand
relatedgraphproblems(Johnsonetal. 1989).Theresultsof
variouscompetitionsfor CSPandSAT algorithmsshow that
thereis a fairly direct correlationbetweentheperformance
on real-world benchmarksand on hard randominstances
(DIMA CS1993,1996;Beijing, 1996;Johnsonet al. 1989).
It is importantto notethat randomlygeneratedproblemin-
stancesarenot necessarilyunstructured. Structuremay be
introducedby translatingrandomproblemsfrom one do-
main into another, or by consideringproblemdomainsthat
by definition exhibit regular structure(GomesandSelman
1997,Walsh1999).

Current problem generatorsare basedon recentdevel-
opmentsin our understandingof the natureof computa-
tionally hardprobleminstances.In particular, a clearcon-
nectionhasbeenestablishedbetweenso-calledphasetran-
sition phenomenaand the computationalhardnessof NP-
completeproblems(Cheesemanet al. 1991,Mitchell et al.
1992,Hogg et al. 1996). Phasetransitionphenomenacap-
ture the surprisinglysharptransitionsfrom the solvableto
theunsolvablein thespaceof probleminstances,asa func-
tion of certainproblemparameterssuchasthe ratio of the
numberof constraintsto the numberof variables. In ran-
domdistributedprobleminstances,at low ratios(relatively
few constraints)oneencountersmostlysatisfiableinstances,
whileathighratiosmostinstancesareunsatisfiable.In terms
of complexity, oneobservesaeasy-hard-easypattern,where
assignmentsareeasilyfound in the sat-phase,while incon-
sistency is easily shown in the unsat-phase.At the phase
transition,whereroughly half the instancesare satisfiable
andhalf the instancesareunsatisfiable,onefindsa concen-
trationof computationallyhardprobleminstances.Theabil-
ity to varyingthehardnessof theprobleminstancesmakesit
possibleto studypreciselyhow differentsearchalgorithms
scalein termsof problemdifficulty.

A key limitation of currentproblemgeneratorsconcerns
their usein theevaluationof incompletelocal searchmeth-
ods.This is becausethegeneratorsgenerallyproduceamix-
ture of solvable (satisfiable)andunsolvable (unsatisfiable)
instances.Whena local searchstylemethoddoesnot find a
solution,it canbe difficult to determinewhetherthis is be-
causethe algorithm fails to find a solution or becausethe
instanceitself is unsolvable. The standardway of dealing



with this problemis to usea completesearchmethodto fil-
ter out theunsatisfiablecases.However, this limits thesize
anddifficulty of problemsinstancesthatcanbeconsidered.
Ideally, onewoulduseproblemgeneratorsthatgeneratesat-
isfiable instancesonly. However, developingsuchgenera-
torshasbeensurprisinglydifficult.

As anexample,let usconsidergeneratinghardsatisfiable
3CNFformulas.In orderto obtainsatisfiableinstancesonly,
it is naturalto usea strategy whereonecreatesformulasin
the phasetransitionregion (ratio of clausesto variablesof
around4.25) that are“forced” to have at leastonesatisfy-
ing assignment.To do so, considerthe following strategy:
generatea randomtruth assignment� , andthengeneratea
formulawith � variablesand��� ����� randomclauses,where
one rejectsany clausethat violates � . This methodwill
in principle generateall possiblesatisfiableformulaswith
a clause-to-variableratio of 4.25 that have � amongtheir
solution. What is somewhat surprisinghowever is that the
samplingof theseformulasis far from uniform: the gen-
eratoris highly biasedtowardsformulaswith many assign-
ments,clusteredaround� . Whenfed to local searchmeth-
ods suchas Walksat, theseformulasare mucheasierthan
formulasof comparablesizeobtainedby filtering satisfiable
instancesfrom a 3SAT generator. More sophisticatedver-
sionsof the forced-formulascheme(Asahiro et al. 1993,
VanGelder1993)provideimprovementsbut alsoleadto bi-
asedsamples.

Therearealsoa numberof theoreticalresultsthat show
thatis is difficult to “hide” acombinatorialobjectin a larger
combinatorialstructure.For example,it canbe shown that
onecaneasilyfind cliquesoveracertainsizethatarehidden
in a randomgraph,andsimilar resultsareknown for hiding
graphcolorings(FriezeandMcDiarmid1997).Theproblem
of hiding information in larger combinatorialstructuresis
of interestto thecomputersciencetheorycommunitysince
successfultechniquesfor doing so may eventually lead to
moreeffectivecryptographicmethods.

Cryptographicproblemsdo suggestoneway of creating
hardsatisfiableprobleminstances(Impagliazzoetal. 1989).
For example,Crawford andKearns(1993)createdSAT en-
codingsof the “noisy” parity problem. The instancesare
guaranteedto haveasatisfyingassignmentbut areextremely
hardto solve usingcurrentSAT procedures.In recentwork
Massacci(1999)alsoprovidesawayof translatingtheDES
crypto protocol into a SAT instance.Onecanobtainvery
hardsatisfiableinstancesthisway. Sincethebestalgorithms
known for dealingdirectly with theoriginal cryptoproblem
involveexhaustivesearch,onefindsthatthebestSAT meth-
odsarealsoreducedto an essentiallyexhaustive searchof
thespaceof truth assignments.This meansthat in practice
theseproblemsarein a sensetoo hardfor thedevelopment
andevaluationof SAT procedures.Furthermore,thecrypto-
graphicencodingsdonotprovideafine-grainedway to vary
problemhardnessin order to studyinghow the algorithms
scale.In general,it seemsreasonableto assumethatin prac-
tical applicationsonedoesnot expectto find hiddencrypto
problems,unlessoneis dealingspecificallywith a crypto-
graphicapplication.

In this paper, we will introducea methodfor thegenera-
tion of (empirically)hardsatisfiableprobleminstances.We
also show how one can finely control the hardnessof the

satisfiableinstancesby establishinga connectionbetween
problemhardnessanda new kind of phasetransitionphe-
nomenonin the spaceof problem instances. As we dis-
cussedabove, traditional phasetransition phenomenain-
volve a suddentransitionfrom a satisfiableto an unsatis-
fiablephaseof theprobleminstancespace.Sinceourgener-
atoronly outputssatisfiableinstances,suchatransitiondoes
not occur. However, underthe right parameterization,we
alsoobserveaneasy-hard-easypatternin thespaceof satis-
fiableinstances,justasis thecasefor completesearchmeth-
ods.(For relatedwork, seeClark et al. (1996).)This makes
it possibleto tunethe generatorto outputhardproblemin-
stances.

We canlink thehardnessareato a phasetransitionwhich
correspondsto a clearthresholdphenomenonin thesizeof
the“backbone”of theprobleminstances.Informally speak-
ing, the backbonemeasuresthe amountof sharedstructure
amongthe setof all solutionsto a givenprobleminstance.
The sizeof the backboneis measuredin termsof the per-
centageof variablesthathave thesamevaluein all possible
solutions.We will observe a transitionfrom a phasewhere
the sizeof the backboneis almost100%to a phasewith a
backboneof sizecloseto 0%. Thetransitionis suddenand
we will show how it coincideswith thehardestproblemin-
stancesbothfor incompleteandcompletesearchmethods.

Quasigroupswith holes
Most traditional benchmarkproblemsare basedon ran-
domly generatedinstanceswith little or no globalstructure.
In GomesandSelman(1997),we introducedthe so-called
quasigroupcompletionproblemin order to obtain bench-
markinstanceswith moreinterestingstructuralproperties.

Thebestway to view thequasigroupcompletionproblem
is in termsof thecompletionof a Latin square(which tech-
nically definesthe multiplication tableof the quasigroup).
Given � colors, a Latin squareis definedby an � by �
table, where eachentry has a color and where there are
no repeatedcolors in any row or column. � is called the
order of the square. Gomesand Selmanconsideredthe
problemof whethera partially coloredLatin squarecanbe
completedinto a full Latin squareby assigningcolors to
the openentriesof the table. This problemis referredto
asthe quasigroupcompletionproblem(QCP).QCPis NP-
complete(Colbourn1984)andhasaninterestingphasetran-
sition phenomenonwith an associatedeasy-hard-easypat-
tern asa function of the fraction of numberof preassigned
colors.Thedomainhasbeenusedto studytheeffectiveness
of avarietyof localconsistency measuresfor constraintsat-
isfactionprocedures(StergiouandWalsh1999,Walsh1999,
Regin 1994).

The quasigroupcompletion task has interestingglobal
structurebut doesnot lend itself well for the evaluationof
local searchmethodsbecausewe againhave a mix of satis-
fiable andunsatisfiableinstances.However, we will intro-
ducea new generatorbasedon the quasigroupdomainthat
givesa naturalunbiasedway for obtainingonly satisfiable
instances,with good computationalproperties,namelyby
startingwith a full quasigroupand“punching” holesinto it.
We usea recentresulton generatinguniformly distributed
randomcompletequasigroupsfor generatingour initial full



quasigroup.
The	 problem of generatinguniformly distributed Latin

squaresis non-trivial. JacobsonandMatthews (1996)show
how by simulatinganergodicMarkov chainwhosestation-
ary distribution is uniform over thespaceof � by � Latin
squares,onecanobtainsquaresthatare(approximately)uni-
formly distributed.TheMarkov chainMonteCarlomethod
startswith a completeLatin square. (Thereis an efficient
methodfor generatingafixedLatin squareof any size.)Sub-
sequently, themethodrandomly“perturbs” the initial Latin
squareto obtain a new square;repeatedrandomperturba-
tionsleadusthroughachainof squares.Thedifficult partis
to designsequencesof perturbationsthatleadfrom onevalid
Latin squareto anotherwhile ensuringthat onecan reach
any arbitraryLatin squarein thechainwith equalprobabil-
ity in the stationarydistribution. The methodproposedby
JacobsonandMatthews correspondsto a randomwalk on
a finite, connected,nonbipartiteundirectedgraphandthere-
fore it is ergodic,with stationarydistributionassigningeach
vertex aprobabilityproportionalto its degree.

The Jacobsonand Matthews approachprovidesus with
a good starting point for obtaining interestingsatisfiable
computationalinstances.We proposethe following gener-
ator: (1) Generatea completeLatin squareaccordingto the
Markov chainMonteCarloapproachproposedby Jacobson
andMatthews; (2) puncha fraction 
 of “holes” in theLatin
square(i.e., uncolorsomeof theentries)in a uniformly dis-
tributedmanner. The resultingpartial Latin squareis now
guaranteedto be satisfiableand moreover, as we will see
below, we canfinely control its expectedhardnessby tun-
ing the value of 
 . We call this new problemthe “quasi-
groupwith holes” (QWH) problem.1 As we will describe
below, the instancescanbe solveddirectly (in orderto test
e.g.,aconstraint-logicprogrammingalgorithm)or translated
into a BooleanCNF encoding(in orderto testgeneralSAT
solvers). It is interestingto notethat while the quasigroup
domainlendsitself naturallyto a satisfiableinstancegener-
atorwith goodcomputationalproperties,it is not clearhow
a similar generatorcould be developedfor, e.g., k-SAT or
graphcoloring.

The quasigroupwith holes problem is NP-hard. This
follows from the following argument. Assumeone had a
polynomialalgorithmthatcouldsolveQWH. Suchanalgo-
rithm couldbeusedto solve thequasigroupcompletiontask
(QCP),by simply runningthealgorithmwith a polynomial
time bound.Theboundedalgorithmwould eithersolve our
completionproblemor terminateat thetimebound,indicat-
ing no solutionexists. However, this is impossiblebecause,
asnotedabove,QCPis NP-complete.

In the next sections,we will identify a cleareasy-hard-
easypatternfor bothcompleteandincompletesearchmeth-
odson theseprobleminstances.Note that becausewe are
dealingwith a distribution of satisfiableinstancesonly, we
obtaina clearfull easy-hard-easydiagramfor a incomplete
searchmethod.Clark et al. (1996)provide initial resultson
asuchapatternfor localsearchusingstandardbenchmarks.
However, given the rarenessof satisfiableinstanceson the

1We thankMark Stickel for somepreliminarydiscussionson
theuseof thequasigroupswith holes(Stickel, personalcommuni-
cations,May 1998).

unsatsideof thephasetransitionit is difficult to establisha
clear full pattern. We will alsoshow that the hardnessre-
gion of our satisfiableprobleminstancescoincideswith a
new kind of phasetransition.This transitiondiffersfrom the
standardsat/unsattransitionbecausewe now have only sat-
isfiableinstances,but like thestandardtransition,it is based
on an underlyingstructuralproperty— namely, the back-
bone.

Problemhardness
In order to solve QWH instances,we exploreda rangeof
algorithms.We usedanILOG constraintsolverworking di-
rectlyontheconstraintsatisfactionencodingof theproblem.
In theILOG solver, weincorporated,asidefrom thestandard
constraintpropagationmethods,theall-diff constraint(Ster-
giou andWalsh1999;Regin 1994). We alsoimplemented
(in C) a local searchprocedureworking directlyon thecon-
straintrepresentation.Finally, we convertedtheproblemin-
stancesinto Booleansatisfiabilityencodingsandusedstate-
of-the-artSAT solvers,bothcompleteandincompletemeth-
ods. To our surprise,the approachvia a SAT encodingis
more efficient than using the direct CSPapproaches;ap-
parently, the increasein the sizeof the encodingwhengo-
ing to SAT doesnot hurt overall performance.Given the
spacelimitationsof thispaper, wewill only includethedata
for our bestperformingprocedures,the backtrackingSAT
solver Satz(Li andAnbulagan1997) and the local search
SAT solver Walksat(Selmanet al. 1996). (Both solversare
availablefrom SATLIB (Hoos1999).)Our datafor theCSP
approachis qualitatively thesame.TheQWH instancesthus
providea goodbenchmarkfor bothCSPandfor SAT meth-
ods.Experimentaldata,instances,andgenerator(bothSAT
andCSPrepresentation)areavailablefrom theauthors.

In Fig. 1, we show thecomputationalcostprofilesfor an
incomplete(Walksat;left panel)anda complete(Satz;right
panel)searchmethodfor theQWH problem.Along thehor-
izontalaxis,wevary thefractionof holesin thequasigroup.
More specifically, we take the ratio of the numberof holes
to the total numberof entriesin the Latin square,i.e., ��� ,
where � is orderof thesquare.Theverticalaxisgivesthe
mediancomputationalcost. For Walksat,the cost is mea-
suredin termsof thetotal numberof variableflips; for Satz
wemeasuredthetotal numberof backtracks.

Thefigure shows a cleareasy-hard-easypatternfor both
the incompleteand the completesearchmethods. Over a
rangeof differentsizes( ��
���������������� ) we seea rapid(in
fact, exponential)increasein searchcost in the hardestre-
gion. Closeobservationshows that thereis a slight shift in
thelocationof thepeaks.We will returnto this issuebelow,
whenwe discussa way of rescalingthefiguresto precisely
line up thepeaks.

Aside from having a clear easy-hard-easypattern, the
mainpoint of interestin Fig. 1 is theprofile for the incom-
pletesearchmethod. We seea clear exampleof an easy-
hard-easypatternfor anincompletesearchmethod.Because
previous problemgeneratorsgive a mixture of satandun-
satcases,suchaneasy-hard-easypatternhasgenerallybeen
reportedso far only for completemethods,which canhan-
dle both typesof instances.Our figure shows that the no-
tionsof under-constrained,critically constrained,andover-
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Figure1: Computationalcostprofilesfor incomplete(Walksat)andcomplete(Satz)searchmethodsfor QWH.

constrained(Hogg et al. 1996) are also predictive of the
performanceof incompletesearchmethods.
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Figure2: Backbonephasetransitionwith costprofile.

A NewTypeof PhaseTransition
Oneof the key advancesin our understandingof problem
hardnesshasbeenthe connectionbetweenthe easy-hard-
easypatternin searchcomplexity andphasetransitionphe-
nomena(Cheeseman1991;Mitchell etal. 1992;Kirkpatrick
andSelman1994;Hogget al. 1996;Hayes1996). In par-
ticular, a clearconnectionhasbeenestablishedbetweenthe
hardestprobleminstancesand the phasetransitionregion,
whereinstancesshift from beingmostlysatisfiableto being
mostly unsatisfiable.Oneof the interestingaspectsof this
connectionis thatpropertiesof theSAT/UNSAT phasetran-
sitioncanbeanalyzedquiteindependentlyfrom any particu-
lar solutionprocedure.In fact,thishasledto a largenumber
of paperson theSAT/UNSAT phasetransitionper se.

For the QWH instances,we do not have a SAT/UNSAT
phasetransition,sinceall our instancesareguaranteedto be
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Figure3: Backbonefor differentorders.

satisfiable.Nevertheless,wecanuserecentlyintroducedno-
tions from the studyof phasetransitionphenomenato link
thepeakin searchcomplexity to a phasetransitionin struc-
tural propertiesof our probleminstances.To do so,we will
considerso-calledbackbonevariables.

Monassonetal. (1999)introducedthenotionof theback-
boneof a SAT problemto refer to the fraction of its vari-
ablesthat are fully constrained: that is, which take on the
samevaluesin all solutions. The backbonefraction (ratio
of backbonevariablesto the total numberof variables)is a
propertyof CSPandSAT problemsthat is well-definedfor
satisfiabledistributions.

Fig. 2 shows the backbonefraction asa function of the
fraction of holesin the QWH problem. We also included
the normalizedcost of local search. The figure shows a
sharpphasetransitionphenomenonin thebackbonefraction,
whichcoincidewith thehardnesspeakin local search.2

2The figure gives datafor ����� � . The hardnesspeakfor
ourcompletesearchmethodalsolies in thephasetransitionregion
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Thereasonsfor thecorrelationbetweenproblemhardness
andtheappearanceof thebackbonearenot fully understood
at this time. Oneintuition is thatbacktrackingsearchalgo-
rithms have the worst performancewhenthey make an in-
correctchoiceneartheroot of thesearchtree: that is, when
they make a variable-valueassignmentthat appearsin no
solution. For the algorithmto have a significantchanceof
makingsucha badchoicea non-negligible fraction of the
variablesmust appearin the backbone. When the back-
bonefraction nears1, however, the problemsare so over-
constrainedthat incorrectchoicesnearthe root arequickly
detectedandcorrected.For local searchprocedures,anex-
planationmight be developedby consideringthe relation-
ship betweenthe backboneand set of solutionsto the in-
stances.When the backboneis small, therearemany so-
lutions widely distributedin the searchspace,andso local
searchmay quickly find one. When the backboneis near
1, thesolutionsaretightly clustered,sothat thatall clauses
“vote” to pushthe searchin the samedirection. A partial
backbone,however, mayindicatethatsolutionsarein differ-
entclustersthatarewidely distributed,with differentclauses
pushingthesearchin differentdirections.Making thesein-
tuitionsprecise,however, awaitsfutureresearch.

Re-parameterization
As we notedabove, thereis a slight shift in the locationof
thehardnesspeakasafunctionof � . Thereis asimilarshift
in thelocationof thebackbonephasetransition.This points
to thefact that theoriginal parameterizationin termsof the
fractionof holesdoesnotexactlycapturethedimensionality
of ourproblem.3 Fig. 3 showstheshift in thebackbonetran-
sitionfor alargerrangeof problemsizes( ��
"�����#� �#�$�%�'& ).4

but is shiftedslightly to the right. We arecurrently investigating
whetherthatshift is realor partof theuncertaintyin ourdata.

3Note that a similar shift is alsopresentin the original quasi-
groupcompletionproblem.

4Computingthe full backboneis prohibitively expensive. The
figure givesa goodapproximationof the backbonefraction com-
putedby usingforward-checkingto estimatethe fraction of fixed
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Figure5: Normalizedcomputationalcost.
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Figure6: Re-parameterizedcomputationalcost.

Some experimentationwith different parameterization
leadsus to Fig. 4. This figure shows the backboneplotted
againstthenumberholesover �*),+ -.- . Notethatweoriginally
used“numberof holesover � � ”. We arecurrentlyworking
onananalyticalderivationof there-parameterization.

Finally, Figs. 5 and6 show how our rescalingalsocor-
rectsfor theshift in thecomplexity peakof our local search
method.To show the original shift, Fig. 5 givesthe search
complexity for threedifferentsizesof the QWH problem,
wherethecosthasbeennormalizedto 1. Fig. 6 shows how
thepeakscollapseontoeachotherafterrescaling.Thepeaks
for the completesearchmethod(right panelin Fig. 1) also
alignaftersucha rescaling.

variables.Thisestimateis afew percentageoff from thetruevalue,
but theshifting behavior appearsidenticalto thatof the full back-
bone,basedonexperimentsfor smallervaluesof � .



Conclusions
We proposea problemgeneratorfor satisfiableinstances.
The generatorsamplesuniformly from satisfiablequasi-
groupsof a given sizewith a given numberof holes. The
hardnessof the QWH probleminstancescan be tunedby
varying the fraction of holes in the quasigroupinstances.
Themainadvantageof thisgeneratoris thatit generatessat-
isfiableinstancesonly andis thereforewell-suitedfor usein
thestudyandevaluationof incompletesearchmethods.

Several earlier attemptsat designingsuch a generator
(e.g., by forcing a givensolutionduringtheproblemgener-
ation)wereunsatisfactory. Usingour generator, we showed
that a local searchmethoddoesexhibit the easy-hard-easy
pattern,asobserved previously for completesearchmeth-
ods. Basedon the notion of under-constrained,critically
constrained,and over-constrainedregions identified with
completesearchmethods,it wasbelievedthataneasy-hard-
easypatternwouldemergefor localsearchmethodsbut this
wasdifficult to confirm empirically becausesatisfiablein-
stancesin theover-constrainedregionareextremelyrarefor
standardproblemgenerators.

We also show how the hardestregion of the satisfiable
instancescoincideswith a new kind of phasetransition
in termsof the backboneof the problem instances. The
backbonecharacterizesthe amountof sharedstructurebe-
tweensolutions.Finally, wepresentanempiricallyobtained
re-parameterizationof the phasetransitionandcomplexity
peakof the quasigroupwith holesproblem. Our generator
outputsinstancessuitablefor bothCSPandSAT stylemeth-
ods. Thegeneratorshouldthereforebe of usein the future
developmentof stochasticlocal searchstyle CSPandSAT
methods.
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