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Abstract

A majordifficulty in evaluatingincompletelocal searclstyle
algorithmsfor constraintsatisiction problemsis the need
for a sourceof hard probleminstanceghat are guaranteed
to besatisfiable A standarcapproacho evaluateincomplete
searchmethodshasbeento usea generalproblemgenera-
tor and a completesearchmethodto filter out the unsatisfi-
ableinstances.Unfortunately this approachcannotbe used
to createprobleminstanceshatarebeyondthereachof com-
pletesearchmethods.Sofar, it hasprovento besurprisingly
difficult to develop adirectgeneratofor satisfiableénstances
only. In this paper we proposea generatorthat only out-
putssatisfiablgprobleminstancesWe alsoshav how onecan
finely controlthe hardnes®of the satisfiableinstancesdy es-
tablishinga connectiorbetweerproblemhardnessndanew
kind of phasetransitionphenomenonn the spaceof prob-
lem instances. Finally, we useour problemdistribution to
shav the easy-hard-easyatternin searchcomplexity for lo-
cal seach proceduresanalogougo the previously reported
patternfor completesearchmethods.

Intr oduction

In recentyears we have seentherapid developmenbf both
completeandincompletesearchmethoddor constraintsat-
isfaction (CSP)and Booleansatisfiability (SAT) problems.
Thesemethodsare now appliedsuccessfullyin a rangeof

applicationswithin artificial intelligenceand computersci-
encein general.An importantfactorin the developmentof

new searchmethodss theavailability of goodsetsof bench-
mark problemsto evaluate and fine-tune the algorithms.
Therearetwo main sourcesof benchmarkproblems. One
classof benchmarkss basedonreal-world applicationsand
the otheris from randominstancegenerators.Real-world

instancesarearguablythe bestsource put unfortunatelyare
oftenin shortsupply Moreover, thereis a risk that algo-
rithmsarebeingtunedtowardsspecificapplicationdomains
for which good benchmarksare available. Randomprob-
lem generatorghereforeprovide a good additional source
of probleminstances. Thesegeneratorslso have the ad-
vantageof amoredirectcontroloverthe problemcharacter
istics, suchassizeandexpectedhardnessHard randomin-

stancedaveledto thedevelopmenbf new stochasticsearch
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methodsuchasWalksat(Selmaretal. 1996)andthebreak-
outprocedurgMorris 1993),andhave beenusedin detailed
comparison®f local searchmethoddor graphcoloringand
relatedgraphproblemg(Johnsoretal. 1989). Theresultsof
variouscompetitiondor CSPandSAT algorithmsshow that
thereis a fairly direct correlationbetweenthe performance
on real-world benchmarksand on hard randominstances
(DIMA CS1993,1996;Beijing, 1996;Johnsoretal. 1989).
It is importantto notethatrandomlygenerategroblemin-
stancesarenot necessarilyunstructued Structuremay be
introducedby translatingrandomproblemsfrom one do-
maininto anothey or by consideringproblemdomainsthat
by definition exhibit regular structure(Gomesand Selman
1997,Walsh1999).

Currentproblem generatorsare basedon recentdevel-
opmentsin our understandingof the nature of computa-
tionally hard probleminstances.In particular a clearcon-
nectionhasbeenestablishedetweenso-calledphasetran-
sition phenomenaand the computationahardnesof NP-
completeproblems(Cheesemanet al. 1991, Mitchell et al.
1992,Hogg et al. 1996). Phaseransitionphenomena&ap-
ture the surprisingly sharptransitionsfrom the solvable to
theunsohablein the spaceof probleminstancesasa func-
tion of certainproblemparametersuchasthe ratio of the
numberof constraintgo the numberof variables. In ran-
dom distributed probleminstancesat low ratios (relatively
few constraintspneencountersnostly satisfiablanstances,
while athighratiosmostinstancesireunsatisfiableln terms
of compleity, oneobsenesa easy-hard-eagyattern where
assignmentare easilyfoundin the sat-phaseywhile incon-
sisteny is easily showvn in the unsat-phase At the phase
transition, whereroughly half the instancesare satisfiable
andhalf the instancesreunsatisfiablepnefinds a concen-
trationof computationallyhardprobleminstancesTheabil-
ity to varyingthehardnessf theprobleminstancesnalesit
possibleto study preciselyhow differentsearchalgorithms
scalein termsof problemdifficulty.

A key limitation of currentproblemgeneratorgoncerns
their usein the evaluationof incompletelocal searchmeth-
ods.Thisis becaus¢hegeneratorgenerallyproducea mix-
ture of solvable (satisfiable)and unsohable (unsatisfiable)
instancesWhena local searchstyle methoddoesnot find a
solution,it canbe difficult to determinewhetherthis is be-
causethe algorithm fails to find a solution or becausehe
instanceitself is unsohable. The standardway of dealing



with this problemis to usea completesearchmethodto fil-
ter out the unsatisfiablecases However, this limits the size

anddifficulty of problemsinstancesghatcanbe considered.

Ideally, onewould useproblemgeneratorshatgeneratesat-
isfiable instancesonly. However, developingsuchgenera-
torshasbeensurprisinglydifficult.

As anexample let usconsidergeneratindhardsatisfiable
3CNFformulas.In orderto obtainsatisfiablénstance®nly,
it is naturalto usea stratgy whereonecreatedormulasin
the phasetransitionregion (ratio of clauseso variablesof
around4.25) that are “forced” to have at leastone satisfy-
ing assignment.To do so, considerthe following stratey:
generatea randomtruth assignmenf’, andthengeneratea
formulawith N variablesand4.25 N randomclausesywhere
one rejectsary clausethat violates7'. This methodwiill
in principle generateall possiblesatisfiableformulaswith
a clause-to-ariableratio of 4.25that have T amongtheir
solution. Whatis somavhat surprisinghowever is that the
samplingof theseformulasis far from uniform: the gen-
eratoris highly biasedtowardsformulaswith mary assign-
ments,clusteredaround?’. Whenfed to local searchmeth-
ods suchas Walksat, theseformulasare much easierthan
formulasof comparablesizeobtainedby filtering satisfiable
instancesrom a 3SAT generatar More sophisticated/er-
sionsof the forced-formulascheme(Asahiroet al. 1993,
VanGelder1993)provide improvementsut alsoleadto bi-
asedsamples.

Therearealsoa numberof theoreticalresultsthat shov
thatis is difficult to “hide” acombinatoriabbjectin alarger
combinatorialstructure. For example,it canbe shavn that
onecaneasilyfind cliquesovera certainsizethatarehidden
in arandomgraph,andsimilar resultsareknown for hiding
graphcolorings(FriezeandMcDiarmid 1997). Theproblem
of hiding informationin larger combinatorialstructuresis
of interestto the computerscienceheorycommunitysince
successfutechniquedor doing so may eventuallyleadto
moreeffective cryptographianethods.

Cryptographicproblemsdo suggesbneway of creating
hardsatisfiablgorobleminstancegimpagliazzoetal. 1989).
For example,Crawford andKearns(1993)createdSAT en-
codingsof the “noisy” parity problem. The instancesare
guaranteetb have a satisfyingassignmeniut areextremely
hardto solve usingcurrentSAT proceduresin recentwork
Massacc{1999)alsoprovidesaway of translatinghe DES
crypto protocolinto a SAT instance. One canobtainvery
hardsatisfiablanstanceshis way. Sincethebestalgorithms
known for dealingdirectly with the original crypto problem
involve exhaustie searchpnefindsthatthe bestSAT meth-
odsarealsoreducedto an essentiallyexhaustve searchof
the spaceof truth assignmentsThis meansthatin practice
theseproblemsarein a senseoo hardfor the development
andevaluationof SAT proceduresFurthermorethe crypto-
graphicencodingsio notprovide afine-grainedvay to vary
problemhardnessn orderto studyinghow the algorithms
scale.ln generaljt seemgeasonabléo assumehatin prac-
tical applicationsone doesnot expectto find hiddencrypto
problems,unlessoneis dealingspecificallywith a crypto-
graphicapplication.

In this paper we will introducea methodfor the genera-
tion of (empirically) hardsatisfiablegprobleminstancesWe
also shav how one canfinely control the hardnesf the

satisfiableinstancesby establishinga connectionbetween
problemhardnessanda new kind of phasetransitionphe-
nomenonin the spaceof probleminstances. As we dis-

cussedabove, traditional phasetransition phenomenan-

volve a suddentransitionfrom a satisfiableto an unsatis-
fiable phaseof the probleminstancespace Sinceour gener

atoronly outputssatisfiablénstancessuchatransitiondoes
not occur However, underthe right parameterizationwe

alsoobsene aneasy-hard-eagyatternin the spaceof satis-
fiableinstancesjustasis thecasefor completesearchmeth-
ods. (For relatedwork, seeClark etal. (1996).) This makes
it possibleto tunethe generatoto outputhardproblemin-

stances.

We canlink the hardnessreato a phaseransitionwhich
correspondso a clearthresholdphenomenorin the size of
the“backbone”of the probleminstancesinformally speak-
ing, the backbonemeasureshe amountof sharedstructure
amongthe setof all solutionsto a given probleminstance.
The size of the backboneis measuredn termsof the per
centageof variablesthathave the samevaluein all possible
solutions.We will obsene a transitionfrom a phasewhere
the size of the backbonds almost100%to a phasewith a
backboneof sizecloseto 0%. Thetransitionis sudderand
we will shav how it coincideswith the hardestproblemin-
stancedothfor incompleteandcompletesearchmethods.

Quasigroupswith holes

Most traditional benchmarkproblemsare basedon ran-
domly generatednstanceswith little or no globalstructure.
In Gomesand Selman(1997), we introducedthe so-called
quasigroupcompletionproblemin orderto obtain bench-
markinstancesvith moreinterestingstructuralproperties.

Thebestway to view the quasigrougcompletionproblem
is in termsof the completionof a Latin squargwhichtech-
nically definesthe multiplication table of the quasigroup).
Given N colors, a Latin squareis definedby an N by N
table, where eachentry has a color and where there are
no repeatectolorsin ary row or column. N is calledthe
order of the square. Gomesand Selmanconsideredthe
problemof whethera partially coloredLatin squarecanbe
completedinto a full Latin squareby assigningcolors to
the openentriesof the table. This problemis referredto
asthe quasigroupcompletionproblem(QCP).QCPis NP-
completgColbourn1984)andhasaninterestingohasdran-
sition phenomenorwith an associatedasy-hard-easpat-
ternasa function of the fraction of numberof preassigned
colors. Thedomainhasbeenusedto studythe effectiveness
of avarietyof local consisteng measure$or constraintsat-
isfactionprocedure¢StegiouandWalsh1999,Walsh1999,
Regin 1994).

The quasigroupcompletiontask has interestingglobal
structurebut doesnot lend itself well for the evaluationof
local searchmethodshecauseve againhave a mix of satis-
fiable and unsatisfiabldnstances.However, we will intro-
ducea new generatoibasedon the quasigroupdomainthat
givesa naturalunbiasedway for obtainingonly satisfiable
instanceswith good computationalproperties,namely by
startingwith a full quasigroupand“punching”holesinto it.
We usea recentresulton generatinguniformly distributed
randomcompletequasigroupgor generatingour initial full



guasigroup.

The problem of generatinguniformly distributed Latin
squaress non-trivial. JacobsorandMatthewns (1996)shav
how by simulatingan ergodic Markov chainwhosestation-
ary distribution is uniform over the spaceof N by N Latin
squarespnecanobtainsquareshatare(approximately)ini-
formly distributed. The Markov chainMonte Carlo method
startswith a completeLatin square. (Thereis an efficient
methodfor generatinga fixedLatin squareof ary size.)Sub-
sequentlythe methodrandomly“perturbs”theinitial Latin
squareto obtaina new square;repeatedandomperturba-
tionsleadusthrougha chainof squaresThedifficult partis
to designsequencesf perturbationshatleadfrom onevalid
Latin squareto anotherwhile ensuringthat one canreach
ary arbitraryLatin squarein the chainwith equalprobabil-
ity in the stationarydistribution. The methodproposedy
Jacobsorand Matthews correspondgo a randomwalk on
afinite, connectednonbipartiteundirectedgraphandthere-
foreit is ergodic, with stationarydistribution assigningeach
vertex a probability proportionalto its degree.

The Jacobsorand Matthavs approachprovides us with
a good starting point for obtaining interestingsatisfiable
computationainstances.We proposethe following gener
ator: (1) Generatea completelatin squareaccordingto the
Markov chainMonte Carloapproactproposedyy Jacobson
andMatthaws; (2) punchafractionp of “holes” in the Latin
squarg(i.e., uncolorsomeof the entries)in a uniformly dis-
tributedmanner The resultingpartial Latin squareis now
guaranteedo be satisfiableand morewer, aswe will see
below, we canfinely controlits expectedhardnessy tun-
ing the value of p. We call this new problemthe “quasi-
groupwith holes” (QWH) problem! As we will describe
below, the instancesanbe solved directly (in orderto test
e.g., aconstraint-logigprogramminglgorithm)or translated
into a BooleanCNF encoding(in orderto testgeneralSAT
solwvers). It is interestingto notethat while the quasigroup
domainlendsitself naturallyto a satisfiableinstancegener
atorwith goodcomputationapropertiesit is not clearhow
a similar generatorcould be developedfor, e.g., k-SAT or
graphcoloring.

The quasigroupwith holes problemis NP-hard. This
follows from the following argument. Assumeone had a
polynomialalgorithmthat could solve QWH. Suchanalgo-
rithm couldbeusedto solve the quasigrougcompletiontask
(QCP),by simply runningthe algorithmwith a polynomial
time bound. The boundedalgorithmwould eithersolve our
completionproblemor terminateat the time bound,indicat-
ing no solutionexists. However, thisis impossiblebecause,
asnotedabove, QCPis NP-complete.

In the next sections,we will identify a cleareasy-hard-
easypatternfor bothcompleteandincompletesearchmeth-
odson theseprobleminstances.Note that becauseve are
dealingwith a distribution of satisfiableinstancesonly, we
obtaina clearfull easy-hard-easgiagramfor aincomplete
searchmethod.Clark etal. (1996)provide initial resultson
asucha patternfor local searchusingstandarcdenchmarks.
However, giventhe rarenes®f satisfiableinstanceson the

IWe thank Mark Stickel for somepreliminary discussionsn
theuseof the quasigroupsvith holes(Stickel, personacommuni-
cationsMay 1998).

unsatsideof the phaseransitionit is difficult to establisha

clearfull pattern. We will alsoshow thatthe hardnesge-

gion of our satisfiableprobleminstancescoincideswith a

new kind of phasedransition. Thistransitiondiffersfrom the

standardsat/unsatransitionbecausave now have only sat-
isfiableinstancesbut lik e the standardransition,it is based
on an underlyingstructuralproperty— namely the back-
bone.

Problem hardness

In orderto solve QWH instanceswe explored a rangeof
algorithms.We usedanILOG constraintsolver working di-
rectlyontheconstrainsatishctionencodingof theproblem.
In thelLOG solver, weincorporatedasidefrom thestandard
constrainpropagatiormethodstheall-diff constrain{Ster
giou andWalsh 1999; Regin 1994). We alsoimplemented
(in C) alocal searctproceduravorking directly onthe con-
straintrepresentatiorkinally, we corvertedthe problemin-
stancesnto Booleansatisfiabilityencodingsaandusedstate-
of-the-artSAT solwvers,bothcompleteandincompletemeth-
ods. To our surprise,the approachvia a SAT encodingis
more efficient than using the direct CSP approachesap-
parently the increasdn the size of the encodingwhengo-
ing to SAT doesnot hurt overall performance. Given the
spacdimitationsof this paperwewill only includethedata
for our bestperformingproceduresthe backtrackingSAT
solver Satz(Li and Anbulagan1997) andthe local search
SAT solver Walksat(Selmaretal. 1996). (Both solversare
availablefrom SATLIB (Ho0s1999).)Our datafor the CSP
approachs qualitatively thesame . The QWH instanceshus
provide agoodbenchmarkor both CSPandfor SAT meth-
ods. Experimentallata,instancesandgenerato(both SAT
andCSPrepresentatiomreavailablefrom the authors.

In Fig. 1, we showv the computationatostprofilesfor an
incomplete(Walksat;left panel)anda complete(Satz;right
panel)searchmethodfor the QWH problem.Along thehor-
izontalaxis,we vary thefractionof holesin the quasigroup.
More specifically we take the ratio of the numberof holes
to the total numberof entriesin the Latin squarej.e., N2,
where N is orderof the square.The vertical axis givesthe
mediancomputationakost. For Walksat,the costis mea-
suredin termsof the total numberof variableflips; for Satz
we measuredhetotal numberof backtracks.

Thefigure shavs a cleareasy-hard-easpatternfor both
the incompleteand the completesearchmethods. Over a
rangeof differentsizes(:N = 30, 33, 36) we seea rapid (in
fact, exponential)increasein searchcostin the hardestre-
gion. Closeobsenationshaws thatthereis a slight shift in
thelocationof the peaks.We will returnto thisissuebelow,
whenwe discussa way of rescalingthe figuresto precisely
line upthepeaks.

Aside from having a clear easy-hard-easyattern, the
main point of interestin Fig. 1 is the profile for theincom-
plete searchmethod. We seea clear example of an easy-
hard-easyatternfor anincompletesearchmethod.Because
previous problemgeneratorgyive a mixture of satandun-
satcasessuchaneasy-hard-eagyatternnasgenerallybeen
reportedso far only for completemethodswhich canhan-
dle both typesof instances.Our figure shows that the no-
tions of underconstrainedcritically constrainedandover-
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Figurel: Computationatostprofilesfor incomplete(Walksat)andcomplete(Satz)searchmethodgor QWH.

constrainedHogg et al. 1996) are also predictive of the
performancef incompletesearchmethods.
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A New Type of PhaseTransition

One of the key advancesin our understandingf problem
hardnesshasbeenthe connectionbetweenthe easy-hard-
easypatternin searchcompleity andphasetransitionphe-
nomeng Cheesemamh991;Mitchell etal. 1992;Kirkpatrick
andSelman1994;Hoggetal. 1996;Hayes1996). In par
ticular, a clearconnectiorhasbeenestablishedbetweerthe
hardestprobleminstancesand the phasetransitionregion,
whereinstanceshift from beingmostly satisfiableto being
mostly unsatisfiable.One of the interestingaspectof this
connections thatpropertiesof the SAT/UNSAT phasdran-
sition canbeanalyzedjuiteindependentlyrom ary particu-
lar solutionprocedureln fact,thishasledto alargenumber
of papersoonthe SAT/UNSAT phaseransitionper se

For the QWH instanceswe do not have a SAT/UNSAT
phaseransition,sinceall ourinstancesreguaranteedo be

'Order 30" +—
‘Order 33 —+--
'Order 36’ -
"Order 39’
"Order 42'
"Order 45" -
'Order 48" -
'Order 51 -+---
'Order 54" - |
"Order 57" »—

09

% o
!

t

0.8 -

*
!

ot

0.7 |-

0.6

05

% FC Backbone

04

03

02

01

0.3 0.35
Num. Holes / (N*2)

0.4 0.45

Figure3: Backbonéor differentorders.

satisfiable Neverthelesswe canuserecentlyintroducecho-
tions from the study of phasetransitionphenomenao link
the peakin searchcomplexity to a phasetransitionin struc-
tural propertiesof our probleminstancesTo do so, we will

considerso-calledbackbonevariables.

Monassoretal. (1999)introducedthe notion of thebadk-
boneof a SAT problemto refer to the fraction of its vari-
ablesthat are fully constained thatis, which take on the
samevaluesin all solutions. The backbonefraction (ratio
of backbonevariablesto the total numberof variables)is a
propertyof CSPandSAT problemsthatis well-definedfor
satisfiabladistributions.

Fig. 2 shaws the backbonefraction as a function of the
fraction of holesin the QWH problem. We alsoincluded
the normalizedcost of local search. The figure shovs a
sharpphasedransitionphenomenom thebackbondraction,
which coincidewith the hardnespeakin local searcl?

2The figure gives datafor N = 36. The hardnesgpeakfor
ourcompletesearchmethodalsolies in the phaseransitionregion
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Thereasondor thecorrelationbetweerproblemhardness
andtheappearancef thebackbonearenotfully understood
atthis time. Oneintuition is that backtrackingsearchalgo-
rithms have the worst performancevhenthey make anin-
correctchoiceneartheroot of the searchiree: thatis, when
they make a variable-alue assignmenthat appearsn no
solution. For the algorithmto have a significantchanceof
making sucha bad choicea non-ngligible fraction of the
variablesmust appearin the backbone. When the back-
bonefraction nearsl, however, the problemsare so over-
constrainedhatincorrectchoicesnearthe root are quickly
detectedcandcorrected.For local searchproceduresan ex-
planationmight be developedby consideringthe relation-
ship betweenthe backboneand set of solutionsto the in-
stances.Whenthe backboneis small, thereare mary so-
lutions widely distributedin the searchspaceandsolocal
searchmay quickly find one. Whenthe backboneis near
1, the solutionsaretightly clusteredsothatthatall clauses
“vote” to pushthe searchin the samedirection. A patrtial
backbonehowever, mayindicatethatsolutionsarein differ-
entclusterghatarewidely distributed,with differentclauses
pushingthe searchin differentdirections.Making thesein-
tuitions precise however, awaitsfutureresearch.

Re-parameterization

As we notedabove, thereis a slight shift in the locationof
thehardnespeakasafunctionof V. Thereis asimilar shift
in thelocationof the backbonghaseransition. This points
to thefactthatthe original parameterizatiom termsof the
fractionof holesdoesnot exactly capturehedimensionality
of ourproblem? Fig. 3 shavstheshiftin thebackboneran-
sitionfor alargerrangeof problemsizes(N = 30,...,57).*

but is shiftedslightly to the right. We are currently investigating
whetherthatshift is real or partof theuncertaintyin our data.
3Note that a similar shift is alsopresentin the original quasi-
groupcompletionproblem.
4Computingthe full backbonds prohibitively expensie. The
figure givesa good approximationof the backbonefraction com-
putedby usingforward-checkingo estimatethe fraction of fixed
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Some experimentationwith different parameterization
leadsusto Fig. 4. This figure shavs the backboneplotted
againsthenumberholesover N'1-5°. Notethatwe originally
used‘numberof holesover N2". We arecurrentlyworking
onananalyticalderivationof there-parameterization.

Finally, Figs.5 and 6 shov how our rescalingalso cor-
rectsfor the shift in the complexity peakof ourlocal search
method. To show the original shift, Fig. 5 givesthe search
compleity for threedifferentsizesof the QWH problem,
wherethe costhasbeennormalizedto 1. Fig. 6 shavs how
thepeakscollapseontoeachotherafterrescaling.Thepeaks
for the completesearchmethod(right panelin Fig. 1) also
alignaftersucharescaling.

variables This estimatés afew percentageff fromthetruevalue,
but the shifting behaior appearsdenticalto thatof the full back-
bone,basedn experimentgor smallervaluesof N.



Conclusions

We proposea problemgeneratorfor satisfiableinstances.
The generatorsamplesuniformly from satisfiable quasi-
groupsof a given size with a given numberof holes. The
hardnesf the QWH probleminstancescan be tuned by
varying the fraction of holesin the quasigroupinstances.
Themainadwantageof this generatois thatit generatesat-
isfiableinstance®nly andis thereforewell-suitedfor usein
the studyandevaluationof incompletesearchmethods.

Several earlier attemptsat designingsuch a generator
(e.g., by forcing a givensolutionduring the problemgener
ation)wereunsatisactory Usingour generatarwe shoved
that a local searchmethoddoesexhibit the easy-hard-easy
pattern,as obsered previously for completesearchmeth-
ods. Basedon the notion of underconstrainedgritically
constrained,and over-constrainedregions identified with
completesearchmethodsit wasbelievedthataneasy-hard-
easypatternwould emegefor local searchmethodsbut this
was difficult to confirm empirically becausesatisfiablein-
stances$n theover-constraineaegion areextremelyrarefor
standargproblemgenerators.

We also shov how the hardestregion of the satisfiable
instancescoincideswith a new kind of phasetransition
in terms of the backboneof the probleminstances. The
backbonecharacterizeshe amountof sharedstructurebe-
tweensolutions.Finally, we presenanempirically obtained
re-parameterizatioof the phasetransitionand compleity
peakof the quasigroupwith holesproblem. Our generator
outputsinstancesuitablefor bothCSPandSAT stylemeth-
ods. The generatoshouldthereforebe of usein the future
developmentof stochastidocal searchstyle CSPand SAT
methods.
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